In this paper, we introduce the concept of e-small M-Projective modules as a generalization of M-Projective modules.
Introduction
In this paper, all rings are associative and all modules are right and unitary. A submodule L of a module A is called small (for short L≪A) if L+K=A then K=A, for any submodule K of A, Rad(M) is the sum of all small submodules of A. A module A is called B-projective if for each epimorphism g : B → N and each homomorphism f : A → N, there exists a homomorphism h : A → B such that g○h=f. For the previous terminologies see [1] . A submodule N of A is called e-small in A (denoted by N≪ e A) if N+L=A with L is essential submodule in A implies that N=A; Rad e (A) is the sum of all e-small submodules of A. An epimorphism with e-small kernel is called e-small epimorphism [2] . In an indecomposable module, A proper submodule is e-small if and only if it is small [3] . A module M is said to be e-hollow if every proper submodule N of M is e-small [4] .
e-small M-Projective
In this section, we introduce the concept of e-small M-projective modules and give some characterization of this concept. ∘g=I N ∘g=g. Thus A/K is e-small A-projective which is not A-projective, since if A/K is A-projective, then we have the following commutative diagram:
Where π∘h=I, thus π is split, therefore A=K⨁Im(h) , which is a contradiction. → Let B be a nonzero small submodule of A, by (b) we have the following commutative diagram:
Thus π is split, therefore A=B⨁Im(h), but B≪A, therefore A=Im(h) which means that B=(0), so Rad(A)=(0).
Example 2.3
Z as Z-module is indecomposable module and Rad(Z) =0, by (2.2) Z n is e-small Z-projective which is not Z-projective for each integer n >1.
Proposition 2.4
Let U and M be modules. Then the following statements are equivalent: a. is an e-small M-projective module; Let Q, M be modules. If Q is an e-small M-projective. Then any e-small M-epimorphism : → splits, where A is R-module. Moreover if A is indecomposable then is isomorphism.
Some properties of e-small M-projective Modules
In this section we give some basic properties of e-small M-projective module Proposition 3.1
Let A be a module and {U∝ | ∝ ∈ Λ} be a family of modules. Then ⊕ Λ U α is an e-samll Aprojective if and only if every is an e-small A-projective. Proof ⇒ ) Let ⊕ Λ U α be an e-small A-projective and let ∈ consider the following diagram:
Where g: A → B is an e-small epimorphism, f: → B is any homomorphism, and i α are the projection and injection homomorphisms respectively. Since ⊕ Λ U α is e-small Aprojective, then there exists a homomorphism h:
B be an e-small epimorphism and let f :⊕ Λ U α → B be a homomorphism. For each α ϵ Λ, consider the following diagram:
Where i α and p α are the injection and projection homomorphism, since U α is e-small A-projective, for each α ∈ Λ. Therefore there exists a homomorphism h α : U α → A, such that g∘h α =f∘i α for each α ∈ Λ. Define h: ⊕ Λ U α → A by h(a) = ∑ ∈ ∘ , where a ∈ A, clearly g∘h=f. Hence ⊕ Λ U α is an e-small A-projective module.
Proposition 3.2
Let A be e-small A-projective module and let :A → Nbe an e-small epimorphism, then there exists h ∈ End(A) such that h(Ker( )) ≤ Ker( ). Proof : Let :A → N be an e-small epimorphism, consider the following diagram :
Where : A/Ker( ) → N is the usual isomorphism defined by (m+ker( )) = (m) for all m ∈ A and is the natural epimorphism. Since A is e-small A-projective module, there exists a homomorphism h: A → A such that ∘h = ∘ . Now it is easy to show that h(Ker( )) ≤ Ker( ). Recall that a submodule B of A is called A-cyclic submodule if it is the image of an element of End(A) [5] .
Proposition 3.3
Let A, N be modules. If N is an e-small A-projective and every A-cyclic submodule of A is Ninjective, then A is N-injective and every submodule of N is an e-small A-projective. The converse is true if A is e-hollow module. Proof : Let N be an e-small A-projective and suppose that every A-cyclic submodule is N-injective. Since A is trivially A-cyclic, then A is N-injective. Let :A → B be a homomorphism, where N 1 is a submodule of N. consider the following diagram:
Where :N 1 → N is the inclusion homomorphism since B is A-cyclic module, thus by our hypothesis B is N-injective module. Therefore, there exists a homomorphism :N → B such that ∘ = , but N is an e-small A-projective module, so there exists a homomorphism h : N 1 → A such that ∘ = . Define g:N 1 → by g = h∘i. Now, ∘ ∘ = ∘ = . The converse holds if A is e-hollow. Suppose that A is N-injective and every submodule of N is an esmall A-projective. Thus N is an e-small A-projective module. Let B be A-cyclic submodule of A. Consider the following diagram:
Where : N 1 → N is the inclusion homomorphism and f:N 1 → B is any homomorphism and g:A → B is the required epimorphism into B, since B is A-cyclic module. Clear that is an e-small epimorphism. By the assumption, N 1 is an e-small A-projective module. Thus, there exists homomorphism h:N 1 → A such that g∘h=f, but A is N-injective, so there exists a
